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Chapter 3. Differentiation

3 1 | Tangents and the Derivative at a Point
L

y

b

y = flx)
Q(xg + h, flxg + h))

|
| flxg + ) — f(xg)

0 X Xg + h >
DEFINITIONS The slope of the curve y = f(x) at the point P(xg, f(xp)) is the
number
- flxo + h) — f(x)
m = lim

. 7 (provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.

EXAMPLE 1

/

slope is —1
atx = —1

Find the slope of the curve y = 1/x at any point x = @ # 0. What is the slope at the
pointx = —17?

Week 3 Page 1




Definition 1

The derivative of a function fat a point X, denoted

ff(xn)a is
f'(x,)=lim*

I

f(x{) +h)_f(x0)
h
provided this limit exists.

y = f(x)
Qxg + h, f(xo + h))

Tangent _~ Secants

|
:f(«"o + h) — f(xq)

| p ===

P(.\'(), f(«\o))

Secants

|
|
|
|

|
|
1

FIGURE 2.3 The tangent to the curve at P is the line through P whose slope is the limit of

the secant slopes as O — P from either side.
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Summary

The following are all interpretations for the limit of the
difference quotient

lim f(xo + h)_f(xo).
=t} h
. The slope of the graph of y=f(x)atx=x,
. The slope of the tangent line to the curve y = f(x)at x = x,

. The rate of change of f(x) with respect to x at the x = x,
- The derivative f'(x,)at x = x,

Now N o

Example

In Exercises 11-18, find the slope of the function’s graph at the given
point. Then find an equation for the line tangent to the graph there.

1. fx) =x*+1, (2,5) 12. f(x) =x — 2x°, (1,-1)
v o .8

3 2 | The Derivative as a Function
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DEFINITION  The derivative of the function f(x) with respect to the variable x is
the function f' whose value at x is

£l = Jim flx + ff; - f[x),

provided the limit exists.

Two forms for the difference quotient.
y=fx)

Secant slope is

S@) - fx)

I—Xx

Q(z, f(2)

f(2) = f(x)

Iy Z—X

Alternative Formula for the Derivative
F'(x)= limif(z)_‘f(x].

P AN - — ..r

EXAMPLE 2

(a) Find the derivative of f(x) = Vx forx = 0.
(b) Find the tangent line to the curve y = Vxatx = 4.
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y==x+1
4
\
\
4.2) y=Vx
H
1 1 1 1 1
0 4 T
Notations

There are many ways to denote the derivative of a function y = f(x), where the independ-
ent variable is x and the dependent variable is y. Some common alternative notations for
the derivative are

d d
o=y =2 == ) = Dpyw) = Duf).

To indicate the value of a derivative at a specified number x = a, we use the notation

N
f(a}—a

_df _d
B E‘x%ﬁ B Ef(x}

x=a x=a

Figure 3.7

Derivatives at endpoints of a closed interval are one-sided
limits.

Slope =

lim _f(b * h}z —fb)
Slope = e
lim f@ 1 H —f@
h—0" h

[~ | TS ST R SO

|
|
|
|
|
1
a
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Differentiable on an Interval: One-Sided Derivatives

A function y = f(x) is differentiable on an open interval (finite or infinite) if it hz
derivative at each point of the interval. It is differentiable on a closed interval [a, b] |
is differentiable on the interior (a, b) and if the limits

" fla + h) — f(a)
im

Right-hand derivative at @

h—0* h
b+ h)— f(b
h]in{%_ Ul ; 1) Left-hand derivative at b

exist at the endpoints (Figure 3.7). SR e

EXAMPLE 4  Show that the function y = |x|is differentiable on (—2c, 0) and (0, o)
but has no derivative at x = 0.

Figure 3.8
The function v = M is not differentiable at the

origin where the graph has a “corner” (Example 4).

y=|xl

y'not defined at x = 0:
right-hand derivative
# left-hand derivative

(Figure 3.8). There is no derivative at the origin because the one-sided derivatives differ
there:
0+ A =[0] _ |A

Right-hand derivative of |x|at zero = lim m
h—0" h h—0* h

= hll,“‘},g h| = hwhenh = 0

lim1 =1
h—0"

o T 1 el (U B ]
Left-hand derivative of |x|at zero = lim —————— = lim —
h—0 h h—0 h

h hwhenh < 0
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Figure 3.9

The square rooct function is not differentiable at x = C,
where the graph of the function has a vertical tangent line.

A

2+

y=Vx

When Does a Function Not Have a Derivative at a Point?

S~

1. a corner, where the one-sided 2. acusp, where 3. avertical tangent line,
derivatives differ the slope of PQ where the slope of PQ
approaches e from approaches 2 from both
one side and —oo sides or approaches —«
from the other from both sides
(here, —)
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x#0

4. adiscontinuity (two examples shown) 5. wild oscillation

Differentiable Functions Are Continuous

A function is continuous at every point where it has a derivative.

THEOREM 1—Differentiability Implies Continuity If f has a derivative at
x = ¢, then f is continuous at x = c.

3 3 | Differentiation Rules
|

Derivative of a Constant Function
If f has the constant value f(x) = ¢, then
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o

The rule [
o

)[c) =0 is another way to say that the values

of constant functions never change and that the slope of a
horizontal line is zero at every point.

y

¢ (x, ©) (x + h,c)

M ————— —
+f——————-e

=

Power Rule (General Version)
If n is any real number, then

d _
Lo = " I,

dx

for all x where the powers x" and x" ! are defined.

EXAMPLE 1  Differentiate the following powers of x.

3
&

@x P ©x? DL @ @) VT
X
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Derivative Constant Multiple Rule
If u 1s a differentiable function of x, and ¢ is a constant, then

Ay = ot
dxCI{ —Cdx.

y=3x2

The graphs of v=x" and v =3x".

Slope = 3(2x)
= 6x

=6(1)=6

" 2
[y =x?

(b) Negative of a function
The derivative of the negative of a differentiable function u is the negative of the func-
tion’s derivative. The Constant Multiple Rule with ¢ = —1 gives

Lwy=L-1wy=-1-L)=-2

Derivative Sum Rule

If 1 and v are differentiable functions of x, then their sum v + v is differentiable

at every point where u and v are both differentiable. At such points,

d _du _dv
dx[u+v)_dx+dx'

EXAMPLE 3

Find the derivative of the polynomial y = x* + %xz —5x + 1.
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EXAMPLE 4  Does the curve y = x* — 2x? + 2 have any horizontal tangents? If so,
where?

The curve in Example 4 and its horizontal tangents.

Yy y=x*-2x*+2

A

(0,2)

Derivative of the Natural Exponential Function

d
ey =e

EXAMPLE 5  Find an equation for a line that is tangent to the graph of y = ¢* and goes
through the origin.

FIGURE 3.13  The line through the origin
is tangent to the graph of v = e” when
a = 1 (Example 5).

Derivative Product Rule

If u and v are differentiable at x, then so is their product vv, and

d, . dv_  du
dx(uv}_udx+vdx'
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L [f(x)g ] = f0)E' () + g@)f ().

EXAMPLE 6  Find the derivative of (a) y = %(xz + ex),

Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

du_ v
d (u)_Tdx " Max
de \V ) v |
d {f(x)] _ g (x) — fx)g'(x)
dx | g(x) g*(x) '
EXAMPLE 8  Find the derivative of (a) y = i; ; }, (byy=¢"

Second- and Higher-Order Derivatives

If y = f(x) is a differentiable function, then its derivative f'(x) is also a function. If f' is
also differentiable, then we can differentiate f* to get a new function of x denoted by f".
So f" = (f")'. The function f" is called the second derivative of f because it is the deriv-
ative of the first derivative. It is written in several ways:

d* v\ _ av
ro=2 -4 (B) -2y - D = D2

dx

y"' o= dy_"/dx_z d3}_1/_dx3,
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EXAMPLE 10  The first four derivatives of y = x* — 3x + 2 are

First derivative: v o=3x? - 6x
Second derivative: »" = 6x — 6
Third derivative: »' =6

Fourth derivative: y(d'] = 0.

— Vs — 1
37. y = Vx? — x*¢ 23, fls) = ——
) x* —x fls) Ve 1

M.y = x P4 g2 3 (K + )2 -x4+1)

1.4

48. u

3 5 | Derivatives of Trigonometric Functions

The derivative of the sine function is the cosine function:

% (sinx) = cosx.

kin (x + h) = sinxcosh + cosxsinh.

If f(x) = sinx, then

flx + h) — f(x) . sin(x + h) — sinx
m = lim

r - - . . e
x) =l Derivative definition
7 h—0 h h—0 h . )
. (sinxcosh + cosxsinh) — sinx . sinx(cosh — 1) + cosxsinh
= lim = lim
h—0 h h—0 h
. . cosh — 1 ) sin h
= lim {sinx»——— | + lim | cosx-
h—0 h h—0 h
. . cosh — 1 . sinh .
=smx-hhmDT+cosx-ll TZSlnx-0+cosx-l = CoSX.

—) ) _
i Example 5a and
limit 0 limit 1 Theorem 7, Section 2.4
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EXAMPLE 1  We find derivatives of the sine function involving differences, products,
and quotients.

_ .2 . dy . d , .
(a) v =x" — sinx: i 2x — E(Smx) Difference Rule
= 2x — cosx
R dy . d . . d . . .
(b) ¥ = e’sinx: i E(smx} + 5(8 )ysinx  Product Rule
=e'cosx + e'sinx
= e* (cosx + sinx)
d . . .
© sin x dy X' (sinx) — sinx- 1 A
g = : —_— = Stient Rule
) X dx 3 Juotient Rule

X

_ Xcosx — sinx

xz

The derivative of the cosine function is the negative of the sine function:

d .
E(cosx} = —sinx.

EXAMPLE 2  We find derivatives of the cosine function in combinations with other
functions.

(a) y = 5¢* + cosx:

(b) v = sinxcosx:

COS X
¢) p=—22
(© 5 1 — sinx
Remainder
_ sinx {y = Cosx _ 1 d _ 1
tanx = o5o5 . cotx == . SeCX = Cosx an C8EX ~ Ginx
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The derivatives of the other trigonometric functions:

d — cop? d o edd
e (tanx) = sec”x I (cotx) = —csc”x
i[sec:c) = secxtanx i(csc x) = —cscxcotx
dx dx i
Examples
7. f(x) = sinxtanx 8. glx) = cscxcotx

9, y = (secx + tanx)(secx — tanx)

10. y = (sinx + cosx)secx 17. f(x) = x* sinx cosx

sin f
22, s =——
1 — cost
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