Lecture

Saturday, October 17, 2020 10:30 PM

Chapter 3. Differentiation

3 1 | Tangents and the Derivative at a Point
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DEFINITIONS The slope of the curve,y = f(x) at the point P(xg, f(xg)) is the
number g 1\f) % e

flxo + h) — f(xo)

m = lim
h—0 h

(provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.

EXAMPLE 1
slopeis —1
atx=—1
Find the e of the curve v = 1/x at any point x = a # (. What is the slope at the I\‘)O l'\
intx = —17
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Definition 1

The derivative of a function fat a point X, denoted R Nr., . f‘//\, ]
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Definition 1

The derivative of a function f at a point X, denoted . ) /
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FIGURE 2.3 The tangent to the curve at P is the line through P whose slope lqaihel it of 1he k-(&n][
the secant slopes as Q — P from either side.
Summary

The following are all interpretations for the limit of the
difference quotient

Um f(-\"n)_ N

hi—=n

. The slope of the graph of v=f(x)atx=nx,
2. The slope of the tangent line to the curve v - f(x)at x - x,
3 The rate of change of f ( ) with respect to x at the x = x,
4 The derivative /(. ) at x -

Example

In Exercises 11-18, find the slope of the function’s graph at the given
point. Then find an equation for the line tangent to the graph there.

11. flx) =x* + 1, 2.5 12. f(x) =x — 2% (1,-1)
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3 2 | The Derivative as a Function
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DEFINITION  The derivative of the function f(x) with respect to the variable x is

the function f’ whose value at x is X 0 )
fx + h) — f(x) 3 on M l\
[ reg L g i T >0

h

I — | : .
provided the limit exists. Ayt ¢ ¢pyn jDOJ‘/\‘f q—/\y,,w.eg = f’{y =a '}IU;\:'[:D’\ for\‘l'l(y{;(

Pant
| | |
Two forms for the difference quotlin)t. SloPe ¢
v = fix
Secant slope is IlW—/ /"(,\L
fz) — fix) '
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Alternative Formula for the Derivative

EXAMPLE 2 o
(a) Find the derivative oﬂ f(x) = Vxforx = 0. ~9
(b) Find the tangent line to the curve y = Vxatx = 4. (/T\) —f{)() /,_7\
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Notations
There are many ways to denote the derivative of a function y = f(x), where the independ-
ent variable is x and the dependent variable is y. Some common alternative notations for
the derivative are
f,‘ st ¥ .8
e & _df =
Jz‘((l\a 3/ (x) =y FriiEy d\ f(r) D(f)(x) = D.f(x).
To indicate the value §f a derivative at a specified number{x = a, we use the notation
dy| _df

‘\f'(a) T - E X=a

=4 fv)

= x=

Figure 3.7

Derivatives at endpoints of a closed interval are one-sided

limits.
Slope =
lim fb + h) = f(b)
= h
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Differentiable on an Interval; One-Sided Derivatives

A function y = f(x) is differentiable on an open interval (finite or infinite) if it he
derivative at each point of the interval. It is differentiable on a closed interval [a, b] |
is differentiable on the interior (a, b) and if the limits

_{\ (0\)~ . fla+ h)— f(a)

Right-hand derivatiy a

h—'O h
b+ h)— f(b
,F(L = lim et B =30 Left-hand derivative at b
h—0 h
exist at the endpoints (Figure 3.7). I AT
EXAMPLE 4 Show that the function v = |x|is differentiable on (—>0, 0) and (0, o)
but has no derivative at x = 0. ~
XD not JL\L/M&C/

Figure 3.8 N
{&)= ) 5 ot lednile ab X

The function 1 - |\| is nat differentiable at the e — \

origin where the graph has a "corner® {(Example 4). é KLCM\

¥

Cd/\‘A;\lm. Z a" XU E
y'=-1 [14\ X.l_‘ /{ZO/
Con'tmr\;t\"“ﬁ ; — . 0 o= k) D coml af xog = > 7:/&/
X = l*l ¥ not defined at x = 0:

\ right-hand derivative \ . " ~
M) <dnj a\-q; # left h:md/de.nvatl,veAI . d[f,((m‘/]&;,/?'z ! Olf X”:-(l) /“0/_:0 |

v
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(Figure 3.8). There is no derivative at the origin because the one-sided derivatives differ

there:
. R |0+ Ao |k
Right-hand derivative of |x|at zero = lim = lim —
h—0* h h—o" h
— I' ﬁ
= h_'_TB h h when
= lim1 =1
h—0'
o [0+ R|—]0]| L
Left-hand derivative of |x|at zero = — = lim —
h—0 h =0 h
. =h
= ‘r]_I.rR T h when h 0
= lim -1 = —1. [ ]
h—0"
Figure 3.9
The square root function is not differentiable at x = 0. IQI. “
where the graph of the function has a vertical tangent line. A ‘U" ,fa )
g
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When Does a Function Not Have a Derivative at a Point?

cuf s IR,

A
(:M
2" dig.

1. a corner, where the one-sided 2. a cusp, where 3. avertical tangent line,

derivatives differ the slope of PQ where the slope of PQ
approaches % from approaches = from both
one side and —% sides or approaches —=
from the other from both sides
(here, —)
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Differentiable Functions Are Continuous

A function is continuous at every point where it has a derivative.

THEOREM 1—Differentiability Implies Continuity
x = ¢, then f is continuous at x = ¢.

Rerer

If f has a_derivative at
\—

Ny e ( 'I_gz
<,
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Differentiation Rules

<) r(i\) l‘—‘ (&ﬂl-

0|+ Xz
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3.3

Derivative of a Constant Function

fo=c

If f has the constant value‘f{x) = ¢, then fr""( ? *“'L} f ()9
it \l _{ (;(}— 'Im
af _d ', -0
&T&wT =~ 9 -0
. how TR
Therule | o ile) -0 is ancther way to say that the values
ORTAR

of constant functions never change and that the slope of a

horizontal line is zero at every point.
y

A + hy
¢ (x, ) x 4] y=

=

Ml——————
+p—-———————y
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Power Rule (General Version)

If  is any real number, then

{b= %" epowt” foc.

i n _ n—1 )
a‘xx nx" ne K
for all x where the powers x" and x" ! are defined.
EXAMPLE 1  Differentiate the fol]owing powers of x. 5
Tk
£y — v pA
@ x* (b x“ ©x7 @3 @ M) VAT X X o
3 \ 2
! ! ~ (8
}(z I 2 'Jé 5 l _[l.xj/:‘
- =2x e 2)y'="
=3 g5 ot Yre-b ) g
2%
-3
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Derivative Constant Multiple Rule

If u is a differentiable function of x, and ¢ is a constant, then

U & =a foo f-f Ut

d _ du
dw E[i'") =0
('
f& oY
The graphs of 1-:':3 and r:’f?
| / ’Jldfﬁj{ —gl“): 6[:‘
dﬂfb M L -
e _f)<2x-2  elpcer) S~
<) fingerd hine ¥z . B
of 1) a‘(x)-m%(“)‘-%ﬁ‘ b
3. %

(b) Negative of a function

The derivative of the negative of a differentiable function u is the negative of the func-

tion’s derivative. The Constant Multiple Rule with ¢ = —1 gives
(:-g' i( u)=@l-u)= l-i(u)=—ﬂ [ ]
dx dx dx dx’

Derivative Sum Rule

If u and v are differentiable functions of x, then their sum «# + v is differentiable
at every point where v and v are both differentiable. At such points,

du | dv
dx < dx

¢ -—
=

2

EXAMPLE 3 Find the derivative of the polynomial y = x* + Jx% — 5x + 1.

FEE SIS W

= x> w b o2x =53 07
3

w4

all

2 =v
EXAMPLE 4  Does the curve y = x* — 2x% + 2 have any horizontal tangents? If so, _ . I{()PL

where? homiemtl
d‘l ipe = (@]
The curve in Example 4 and its horizontal tangents. — J(D‘l& =ted
Sslype =v \
y=xt-2:7 42 g, erd)' i)
al:/»«“éx =0 line
0.2 él'x<,€—:_},) = 0 / x:o\
Lw\&g\{' ['ne Lx (xﬁ|m~h) =U\¥=, // mz0
- \ \
1+ <~
1.1 1 honende) X310 e line
( . ' on 3 RN
@ @ Cly x m=0
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Derivative of the Natural Exponential Function

\ 4.&" li "I
EXAMPLE 5  Find an equation for a line that is tangent to the graph of y = e and goes
through the origin. () P

J{Uﬁ\/ of =Y (6]

4 hire.
-1 ,// ‘ a={ ! ¥o :
(°:°) \rmw JAouph mj’;'/. o }:7n o-/ fhi ‘ﬁhj\’/ll {’M- : (“/ E,), m= C
FIGURE 3.13  The line through the origin Yo = n\ (x—’(o/

is tangent to the graph of y = e when _C
8 A “ "b\
[y - ety

a = 1 (Example 5).
a

fhagent line pove thouph (0,0) 1 "0~ ¢i= ¢%( 0 ~a) :)——eq"“le

Derivative Product Rule
If i and v are differentiable at v, then so is their product uv, and

%(ug\i) = "ﬂ + ui’: Vmﬂ'k
[

%[f(x)gfxl] = flx)g'(x) + g(x)f'(x).

mogk \M*ﬂj'

EXAMPLE 6  Find the derivative of (a) y = —'(t' + e }

! I
Vul: ,0-(7 + £ ~__
fradf.{\ =L (X"&k ) 2x+—é)

X —-x__(
(41 () <t

Derivative Quotient Rule
lf_und v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-

entiableat x, and
Ub‘) du dv
Ve =il

d fu) _ " dx dx
\f(:L) - E(ﬁ) = = 3
GDO'F:'(‘J\{- .2(4/4‘_
i{f[x)] g f'(x) — f(’c)g(r}‘[ A ;
dx [ g(x) 2'(x)
—X e
EXAMPLE 8  Find the derivative of (a) y = rj - l, (hyy=e
t 1

) _ﬂi-:_— “rlﬁ - 'Fj’ J
L, A

@) () — (£ 87
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Second- and Higher-Order Derivatives

If ¥ = f(x) is a differentiable function, then its derivative f'(x) is also a function. If " is
alsadi iable, then we can differentiate f’ to get a new function of x denoted by f".
So/f” = (£)".The function f" is called the second derivative of f because it is the deriv-
ative of lhe first derivative. It is written in several ways:

u‘) d\ d\
— f'(x) = \’: I (I\ = 1 D? (f)(x) =D, f(\')
= h

Jx"

o st Jivak iﬁ fto
fl
g "= 7 = By Jw""C - (:. &
n (n) e
?3 y‘u} y = iytn—l} d Y = D"y &m - {\IH(X)
l\ﬂ}owo’ ) oa:)}/" - dx = . |
olerved ~e # e _VJ('\) B {. (r) {)(J - A“‘y

Py
'\wi./((“\/‘-
EXAMPLE 10  The first four derivatives of y = x> — 3x2 + 2 are

RSNELP RS
=36 0
Second derivative: (‘.\ "= 6\' — 61

Third derivative: C.\ 6

Fourth derivative: Z y@ = 0.

L(\'

First derivative:

— S—l

Ly = Ul -y 23, =
Ry W x f(S P ‘F |
/—\»——\
Moy=xP g7 (2 + 0 —x + 1) { ‘Z
Bou=—F | 1
L 89] —f -

q —
@) o - o~ 18 g TR — (i e b
g A

3 5 | Derivatives of Trigonometric Functions
L]

0-darc {01 fonmelcy, -fr\d
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oy XX

{on
The derivative of the sine function is the cosine function: Co't)f(

[ — secx
dx o (ﬂ)e,c&

hin (x + h) =sinxcosh + cosxsinh.

If f(x) = sinx, then

fix+h) — f(x) . sin(x + h) — sinx
m = lim

"(x) = Derivative definition
f'x) k0 h =0 h s
(sinxcosh + cosxsinh) — sinx . sinx(cosh — 1) + cosxsinh
= lim = lim
=0 h h—0 h
. . cosh — 1 . sin h
= lim (sinx*——— | + lim | cosx-——
h—0 h h—0 h
; . cosh — 1 . sinh :
= sinx- lim ———— + cosx - lim =sinx+0 + cosx*1 = cosx.
h—0 h —0 h ;
e e Example 5a and
limit 0 limit | I'heorem 7, Section 2.4
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EXAMPLE 1 We find derivatives of the sine function involving differences, products,
and quotients.

dy
(@) yv= x2 — sinx ” ('5 =2x— %(sinx) Difference Rule
Ug‘w »
§ I..2x— wwx
d ) = 2x — cosx
¢
oo @& iy s o
(b) ¥ = eesinX: S i e"z(sm.r) + ﬁ(”") sinx  Product Rule
[ X shy + 05.@*) = e"cosx + e"sinx
ly = e¢*(cosx + sinx)
? a. i :
- dy X 7 (sinx) — sinx-1
(¢) v= _Slr_n_x._ —_— dx 5 Quotient Rule
K > dx x*

|
al= ié’_'_Zer, _ Xcosx — sinx -
F x?
coxX. %X~ s'lf‘& f

XL

The derivative of the cosine function is the negative of the sine function:
dx Cosx) = sin x.

EXAMPLE 2 We find derivatives of the cosine function in combinations with other
functions.

1
@) y =3¢+ cosx: = &’_-se*—-smx

g \ [
i [ 2 oA

—_— _ ) - k
R [ CoxX. Cox + anx (~hx)
(b) —\b&t‘.wsx. ) ;

i Yo ek

B S J'g ; Yf)/ _hx. (F9nx) —cox. (— C°’>9
(c) y:icos_\' . =2 ; = =

1 — sinx’ ;)_ Q_S'l"’y 2

Remainder
_ sinx _ COsSX _ 1 _ 1
tanx = Cosx® cot\.}\’_‘_— sinx’ secxy Cosx® and cscx Sinx
[N
The derivatives of the other trigonometric functions:
Al '
d = sacly d — —cscl X} = casX
ax (tanx) = sec”x e (cotx) cscx (W
d d | '
L = —_ = — (€73] = =3
dx(secx} sec x tan x = (cscx) escxcotx K y 1 AX
Examples
7. flx) = sinxtanx 8. glx) = cscxcotx
9. y = (secx + tan xﬂsewx}
10. y = (sinx + cosx)secx 2 17. f(x) = x* sinx cosx
—~3
33, = st

1 cos f

@ {l(x) - cox donx + six. sk

[ (
& o'={s+1s (e 505)

T (Seexten x4+ s (L\ecxvﬁ.\,s)*- (w/ S
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