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APPLICATIONS OF
DEFINITE INTEGRALS

6 1 | Volumes Using Cross-Sections
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FIGURE 6.1 A cross-section S(x) of the
solid S formed by intersecting S with a plane
P, perpendicular to the x-axis through the
point x in the interval [a, b].
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Approximating
cylinder based

on S(x;) has height
AXp =X — X

Slicing by Parallel Planes

Plane atx;

Plane at x;

X
Nx

The cylinder’s base
is the region S(x;)
with area A(x)

NOT TO SCALE
FIGURE 6.3 A typical thin slab in the FIGURE 6.4 The solid thin slab in
solid S. Figure 6.3 is shown enlarged here. It is

approximated by the cylindrical solid with
base S(x;) having area 4(x;) and height
Axk = Xg — Xp—1-

The volume V; of this cylindrical solid is A(x;) - Ax;, which is approximately the same
volume as that of the slab:

Volume of the kth slab = V; = A(x;) Ax;g.

V = Vk = A{Ik} .-"_‘er,
k=1 k=1

n b
lim > A(xx) Axp = / A(x)dx.

n—oo =1
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DEFINITION The volume of a solid of integrable cross-sectional area A(x)
from x = atox = b is the integral of 4 from a to b,

b
V= / A(x) dx.

Calculating the Volume of a Solid

1. Sketch the solid and a typical cross-section.

2. Find a formula for A(x), the area of a typical cross-section.
3. Find the limits of integration.

4. Integrate A(x) to find the volume.

EXAMPLE 1 A pyramid 3 m high has a square base that is 3 m on a side. The cross-
section of the pyramid perpendicular to the altitude x m down from the vertex is a square
x m on a side. Find the volume of the pyramid.

Typical cross-section
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FIGURE 6.5 The cross-sections of the
pyramid in Example 1 are squares.
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EXAMPLE 2 A curved wedge is cut from a circular cylinder of radius 3 by two planes.
One plane is perpendicular to the axis of the cylinder. The second plane crosses the first
plane at a 45° angle at the center of the cylinder. Find the volume of the wedge.

FIGURE 6.6 The wedge of Example 2,
sliced perpendicular to the x-axis. The
cross-sections are rectangles.

Solids of Revolution: The Disk Method

Disk

A(x) = m(radius)® = #w[R(x)]".
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Volume by Disks for Rotation About the x-axis

b b
V= / A(x) dx = / w[R(x)]* dx.

EXAMPLE 4  The region between the curve y = \f"?c, 0 = x = 4, and the x-axis is
revolved about the x-axis to generate a solid. Find its volume.

Disk

EXAMPLE 6  Find the volume of the solid generated by revolving the region bounded
byy = \/x and the lines v = 1, x = 4 about the line y = 1.

Rx)=Vx—1
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Volume by Disks for Rotation About the y-axis

d d
V= / Ay dy = / 7[R(y)])* dy.

EXAMPLE 7  Find the volume of the solid generated by revolving the region between
the y-axis and the curve x = 2/y, 1 = y = 4, about the y-axis.

]

FIGURE 6.11 The region (a) and part of
the solid of revolution (b) in Example 7.

Week 11 Page 6



Solids of Revolution: The Washer Method

— (x, R(x))

\i.

Washer

FIGURE 6.13 The cross-sections of the solid of revolution generated here are washers, not disks, so the integral
b 3 E
fa A(x) dx leads to a slightly different formula.

Outer radius: ~ R(x) The washer’ area is

Inner radius:  r(x)

Volume by Washers for Rotation About the x-axis

b b
V =/ A(x) dx =/ m([R(x)] — [Hx)]) dx.

EXAMPLE 9  The region bounded by the curve y = x> + 1 and the line y = —x + 3
is revolved about the x-axis to generate a solid. Find the volume of the solid.
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(-2,3)

Rx)=-x+3
) y=-x+3

Mo
s

\‘é“‘*- ¥ :_12 +1

rivy=xr+1

2 i

0 )
Interval of L —=x
integration

Washer cross-section
Outer radius: R(x) = —x + 3
Inner radius: r(x) = x2 + 1

EXAMPLE 10  The region bounded by the parabola y = x? and the line y = 2x in the
first quadrant is revolved about the y-axis to generate a solid. Find the volume of the
solid.

(2.4) 1

y=2xor

Interval of integration
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6 2 | Volumes Using Cylindrical Shells
ol |

Slicing with Cylinders

EXAMPLE 1 The region enclosed by the x-axis and the parabola y = f(x) = 3x — x?
is revolved about the vertical line x = —1 to generate a solid (Figure 6.16). Find the volume

of the solid.

@:@ v=73xr—x?

I e v
T e

e I NY

-2 -1 0 1 2 3

] -r Axis of
Axis of revolution
x=-1

revolution | -2+
r=—1

Axg Outer circumference = 2 - radius = 27 (1 + x;)
Radius = 1 + x;

FIGURE 6.17 A cylindrical shell of
height y; obtained by rotating a vertical
strip of thickness Ax; about the line

x = —1. The outer radius of the cylinder
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height y; obtained by rotating a vertical l
strip of thickness Ax; about the line

x = —1.The outer radius of the cylinder

occurs at x;, where the height of the

parabola is y; = 3x; — x;> (Example 1). n

3x; — X2 i
(Bx;— x2) 7—_'41\_“. = thickness

AV = circumference x height X thickness

=2m(1 + xy)- (Bxk — x‘;.z) + Axp.

E_W,f Ezw(xk + D30 — %) Axe

Taking the limit as the thickness Ax; — 0 and #n — ©C gives the volume integral

V =~ i‘lﬁ' V= nl_lpn\_}o; 27 (x; + l)(3x;( — Xy ) Axy
k=1
3
- / 2m(x + 1)(3x — x?) dx
0
3
= / 27(3x% + 3x — x* — x%) dx
0
3
= wa (2x% + 3x — x¥) dx
0

3
_ 23,302 1l _®7
—QwLx +2 4x . =

b
V= lim E_\V = / 27r(shell radius)(shell height) dx.

n—o0 k=

The Shell Method
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Shell Formula for Revolution About a Vertical Line
The volume of the solid generated by revolving the region between the x-axis and
the graph of a continuous function y = f(x) = 0,L = a = x = b, about a ver-

tical linex = L is
b
y— / 2ﬂ_(shn?ll )( sh-ell )dr
a radius / \ height

EXAMPLE 2  The region bounded by the curve y = \/x, the x-axis, and the line x = 4
is revolved about the y-axis to generate a solid. Find the volume of the solid.

Shell radius
y ¥
1 Shell radius
SN
y=Vx
r Shell
— ! T height
flx) = Vx
x
‘ ! * B Interval of
— . -
el tegrat
Interval of integration pg integration

-
I

b
shell shell
B l o7 (radius) (height) x

EXAMPLE 3 The region bounded by the curve y = \/ ; the x-axis, and the line x = 4
is revolved about the x-axis to generate a solid. Find the volume of the solid by the shell

method.
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4y A
Shell height

Shell height

-

2 oy

¥ Shell radius
&

Interval of
integration

b
_ shell shell ‘
V= [ 2 (radius) (height) dy

Summary of the Shell Method
Regardless of the position of the axis of revolution (horizontal or vertical), the
steps for implementing the shell method are these.

1. Draw the region and sketch a line segment across it parallel to the axis of rev-
olution. Label the segment’s height or length (shell height) and distance from
the axis of revolution (shell radius).

2. Find the limits of integration for the thickness variable.

3. Integrate the product 27 (shell radius) (shell height) with respect to the thick-
ness variable (x or y) to find the volume.

Pop-Up Quiz
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