Lecture

Limits and Continuity

2 1 | Rates of Change and Tangents to Curves

Average and Instantenous Rate of Change
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DEFINITION  The average rate of change of y = f(x) with respect to x over the
interval [x;, x3] is
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Ex The accompanying graph shows the total distance s traveled by a
bicyclist after ¢ hours.
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a. Estimate the bicyclist’s average speed over the time intervals d’t 2 {.0 d@ Whin
L) I] [1, 2.5], and [2.5, 3.5].

b. Estimate the bicyclist’s instantaneous speed at the times 1 = 3. 31 —on~i/h
t=2,andt=3. - km Ehfh
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2 2 | Limit of a Function and Limit Laws
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As x goes to 2 X f(x)
behavior of _—:1; 2 <:
f‘(X)=(X -4) /(x-2) 7 ¥ 3
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As x goes to 2
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f()=(x -4) / (x-2) 7 18 I
/ 1.9 21
191  23.22222222
1.95 a1-
J(u): x-4 1.99 201}
-2 1.999| 2001 .
1.9999 20001
1.99999 200001
g) #DIV/0!  —
- 200 -19999
—I—:—C—ZJ_’—Q [ 2.001 -1999
|\ 201 -199
}(z)- __umuj,u \ 21 19
2.5 3
\ 3 -1
J(~ 4 0
8  0.666666667

{ﬂ\_l"{.' .F————“A;:OW :U/Jq)'

THEOREM 1—Limit Laws

If L, M, ¢, and k are real abers and
! lim f(x) = L and { Inn o(x) = M,

1. Sum Rule:
2. Difference Rule:
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3. Constant Multiple Rule: { m flx)) = k»
[l % x—g
4. Product Rule: L'l\,b Iim( (x)-g(x)) =
2/
~jx) g
5. tient Rule: li .
Quotient Rule fm g(\] =V
6. Power Rule: lifn [} )" = L"n
X=*c
7. Root Rule: lim V f(x) = L
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(If n is even, we assume that lim f(x) = L > 0.)
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FIGURE 2.24 Different right-hand and
left-hand limits at the origin.
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EXAMPLE 2 For the function graphed in Figure 2.27,

v
) z y=ftx) Atx =0 lim,__4- f(x) does not exist, f s not defined to the lef =
/\ lim, o fx) = 1. rightcband 3
1 O \ lim,_ f(x) = 1. f ' o
e . . -
L L L
ol 1 2 3 4

Atx =1 lim,_,- f(x) = 0, L
o lim,_,+ f(x) = 1,
lim,_,, f(x) does not exist. Ri
Atx =2 + lim_,- f(x) = 1,
lim,_,+ flx) = 1,
lim,_, f(x) = 1. I
Atx = 3: lim,_ 3 f(x) = lim,_,3+ f(x) = lim,_,; f(x) = f(3) = 2.
Atx =4 lim,_f(x) =1, L !
lim,_.; f(x) does not exist,
lim,_ f(x) = 1.

FIGURE 2.27 Graph of the function
in Example 2.

At every other point ¢ in [0,4], f(x) has limit f(c). ©
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A function may not have a limit at a particular point. Some ways that limits can fail to
exist are illustrated in Figure 2,10 and described in the next example.
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FIGURE 2.10 None of these functions has a limit as « approaches 0 (Example 4).
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THEOREM 4—The Sandwich Theorem Suppose that g(x) f(x) hilx) for
all x in some open interval containing ¢, except possibly at v = ¢ itsell. Suppose

also that
111““"Jr? hix) = L. (&QU-U'C)
Then lim, ., f(x) = L. (Sﬂ N
,-‘J\//(_L -rK'v\

y QUumiion @ 9 £ f/x)!A (x)

% l'f\.rh «\k) - %C
g Onc {UJ/'M : @
—! € X3¢

—~

' — ‘ IA '77“Q“1_QQAAJ
Ex: l/ Jor M xso0.
Then Pad I D).
}' x%:oﬂh J,elj S Jv“'l"
brgtos I E50 <2 T from 2
X0 X~0 rly A0
,l»{lx) = e ;+;§~,'L

XN X~g

———

) ot Sarvs L
'\:aoz "*2'\ —> h‘»ﬁu}:L

Thev 430

f\é
’ T

XUII\ 4
SR UJM

(W] Axg)

froe the g

’* {Irw; =0/ Lzt
g(s() -1=
er\)\/\bl,_ Tl’\r\ \
) RS A= 1

Week 1 Sayfa 7



Fact: . Sill 9
lim ——— =
g—0 0O

v

. sinf

| s
/L y = =5~ (radians
e = —— 0
=3 2r~—*7 | - ST 37
Ex Zsindy 9 ainded fom.
li 0
y—0 24y
q

2t
£ . 2t _ s
B }]_T,n tant lire Srnd

Week 1 Sayfa 8




